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Abstract
If X is a separable Banach space, then X∗ contains an asymptotically isometric copy of l1 if and
only if there exists a quotient space of X which is asymptotically isometric to c0. If X is an infinite-
dimensional normed linear space and Y is any Banach space containing an asymptotically isometric
copy of c0, then L(X,Y ) contains an isometric copy of l∞. If X and Y are two infinite-dimensional
Banach spaces and Y contains an asymptotically isometric copy of c0, then Kw∗ (X∗, Y ) contains a
complemented asymptotically isometric copy of c0.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
The concept of a Banach space containing an asymptotically isometric copy of l1 was
introduced by Dowling and Lennard in [1] where it was initially used to prove that non-
reflexive subspaces of L1[0,1] fail the fixed point property. Soon after, the concept of a
Banach space containing an asymptotically isometric copy of c0 was introduced in [2] and
it was proved that Banach spaces containing an asymptotically isometric of c0 fail the fixed
point property. In [3], the notion of a Banach space containing an asymptotically isomet-
ric copy of l∞ was introduced and an asymptotically isometric version of the classical
Bessaga–Pelczynski theorem [4,5] was proved, namely, a dual Banach space, X∗, contains
an asymptotically isometric copy of c0 if and only if X∗ contains an asymptotically iso-
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contains an asymptotically isometric copy of c0 if and only if X∗ contains an isometric
copy of l∞. Pelczynski [6] proved that if X contains an isomorphic copy of l1, then X∗
contains an isomorphic copy of L1. He also proved the converse result under a technical
assumption which was later removed by Hagler [7]. In [8], Dilworth et al. gave an asymp-
totically isometric version of this result, that is, a Banach space X contains asymptotically
isometric copies of l1 if and only if X∗ contains an isometric copy of L1.
Johnson and Rosenthal [9,10] proved that if X is a separable Banach space such that
X∗ contains a subspace isomorphic to l1, then c0 is isomorphic to a quotient space of X.
In Section 2, we will give an asymptotically isometric version of this classical result, that
is, if X is a separable Banach space, then X∗ contains an asymptotically isometric copy of
l1 if and only if there exists a quotient space of X which is asymptotically isometric to c0.
Dodds et al. considered asymptotically isometric copies of l1 in operator spaces in [11].
In Section 3, we will consider isometric copies of l∞ and complemented asymptotically
isometric copies of c0 in operator spaces as well. Ferrando [12] proved that if X is an
infinite-dimensional normed linear space and Y is any Banach space containing an isomor-
phic copy of c0, then L(X,Y ) contains an isomorphic copy of l∞. In this section, we will
give an asymptotically isometric analogue of this result. In [13], Saab and Saab proved
that if X and Y are infinite-dimensional Banach spaces one of which contains a copy of
c0, then the injective tensor product X ⊗ˆ Y contains a complemented copy of c0. This
result was later generalized by Ryan [14], where it was proved that if X and Y are two
infinite-dimensional Banach spaces and Y contains a copy of c0, then Kw∗(X∗, Y ) con-
tains a complemented copy of c0. Dowling et al. [15] proved an asymptotically isometric
analogue of the Saab and Saab result. In this section, we will also give an asymptotically
isometric analogue of the Ryan result.
2. Asymptotically isometric copies of c0 and l1 in Banach spaces
Definition 1 [3]. A Banach space X is said to contain an asymptotically isometric copy of
l1 if there is a null sequence (n)n in (0,1) and a sequence (xn)n in X such that
∞∑
n=1
(1− n)|tn|
∥∥∥∥∥
∞∑
n=1
tnxn
∥∥∥∥∥
∞∑
n=1
|tn|
for all (tn)n ∈ l1.
Definition 2 [3]. A Banach space X is said to contain an asymptotically isometric copy of
c0 if there is a null sequence (n)n in (0,1) and a sequence (xn)n in X such that
sup
n
(1− n)|tn|
∥∥∥∥∥
∞∑
n=1
tnxn
∥∥∥∥∥ supn |tn|
for all (tn)n ∈ c0.
We say that a Banach space X is asymptotically isometric to l1 (respectively, c0) if X
has a basis (xn)n with the above property.
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Lemma 1 [16]. If a Banach space X contains an asymptotically isometric copy of c0, then
X∗ contains an asymptotically isometric copy of l1.
Theorem 1. The following conditions are equivalent for a separable Banach space X:
(1) X∗ contains an asymptotically isometric copy of l1.
(2) There exists a quotient space of X which is asymptotically isometric to c0.
Proof. Suppose that X∗ contains an asymptotically isometric copy of l1, there is a null
sequence (n)n in (0, 12 ) and a sequence (x
∗
n)n in X∗ such that
∞∑
n=1
(1− n)|tn|
∥∥∥∥∥
∞∑
n=1
tnx
∗
n
∥∥∥∥∥
∞∑
n=1
|tn| (∗)
for all (tn)n ∈ l1.
Since X is separable, (x∗n)n has a subsequence (which we will again denote by (x∗n)n)
which is weak∗ convergent. Put y∗n = x∗2n−1 − x∗2n, then (y∗n)n is a weak∗ null sequence
in X∗. Moreover,
m∑
n=1
(1− 2n−1 + 1− 2n)|tn|
∥∥∥∥∥
m∑
n=1
tny
∗
n
∥∥∥∥∥ 2
m∑
n=1
|tn|
for all scalars t1, t2, . . . , tm and for all m ∈N. We set δn = (2n−1 + 2n)/2 and z∗n = y∗n/2,
then (z∗n)n is a weak∗ null sequence in X∗ satisfying
∞∑
n=1
(1− δn)|tn|
∥∥∥∥∥
∞∑
n=1
tnz
∗
n
∥∥∥∥∥
∞∑
n=1
|tn|
for all (tn)n ∈ l1.
Thus in (∗), we may assume (x∗n)n is a weak∗ null sequence of norm one. By the proof
of Theorem 1.b.7 in [10], (x∗n)n has a subsequence (which we will again denote by (x∗n)n)
which has the following properties:
(a) (x∗n)n is both a weak∗ basic sequence and a basic sequence.
(b) The bounded linear operator T :X → ([x∗n])∗ defined by (T x)(x∗) = x∗(x), for all
x ∈ X and for all x∗ ∈ [x∗n], maps X onto [x∗∗n ], where (x∗∗n )n ⊆ ([x∗n])∗ is the func-
tionals biorthogonal to (x∗n)n.
(c) For each  > 0 and each x∗∗ ∈ [x∗∗n ] of norm one, there exists an x ∈X with ‖x‖ = 1
and ‖T x − x∗∗‖< .
By (b) and (c), we have T (B(X))= B([x∗∗n ]). It follows that the operator T̂ :X/Ker(T )
→[x∗∗n ] defined by T̂ (x +Ker(T ))= T (x) (∀x ∈X) is a linear isometry onto.
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|an| =
∣∣anx∗∗n (x∗n)∣∣=
∣∣∣∣∣
(
m∑
k=1
akx
∗∗
k
)(
x∗n
)∣∣∣∣∣
∥∥∥∥∥
m∑
k=1
akx
∗∗
k
∥∥∥∥∥ for any 1 nm.
Thus
sup
1nm
|an|
∥∥∥∥∥
m∑
n=1
anx
∗∗
n
∥∥∥∥∥.
On the other hand, for each x∗ =∑∞n=1 tnx∗n ∈ [x∗n], we have∣∣∣∣∣
(
m∑
n=1
anx
∗∗
n
)
(x∗)
∣∣∣∣∣=
∣∣∣∣∣
m∑
n=1
antn
∣∣∣∣∣
m∑
n=1
|an||tn| =
m∑
n=1
|an|
1− n (1− n)|tn|

(
sup
1nm
|an|
1− n
) m∑
n=1
(1− n)|tn|
(
sup
1nm
(1+ ηn)|an|
) ∞∑
n=1
(1− n)|tn|

(
sup
1nm
(1+ ηn)|an|
)
‖x∗‖.
It follows that∥∥∥∥∥
m∑
n=1
anx
∗∗
n
∥∥∥∥∥ sup1nm(1+ ηn)|an|.
Thus we have shown that
sup
1nm
(1− ηn)|an| sup
1nm
|an|
∥∥∥∥∥
m∑
n=1
anx
∗∗
n
∥∥∥∥∥ sup1nm(1+ ηn)|an|.
This means that [x∗∗n ] is asymptotically isometric to c0. Since X/Ker(T ) is linearly
isometric to [x∗∗n ], X/Ker(T ) is asymptotically isometric to c0.
Conversely, suppose that a quotient space X/M (M is a closed subspace of X) of X is
asymptotically isometric to c0. Then, by Lemma 1, (X/M)∗ =M⊥ contains an asymptot-
ically isometric copy of l1. It follows that X∗ contains an asymptotically isometric copy
of l1. This completes the proof of Theorem 1. ✷
3. Asymptotically isometric copies of c0 and l∞ in operator spaces
L(X,Y ) denotes the linear space of all bounded linear operators from X to Y equipped
with the operator norm topology. Kw∗(X∗, Y ) denotes the Banach space of compact and
weak∗-weakly continuous linear operators from X∗ into Y , endowed with the usual opera-
tor norm.
622 D. Chen / J. Math. Anal. Appl. 284 (2003) 618–625Definition 3 [3]. A Banach space X is said to contain an asymptotically isometric copy of
l∞ if there is a null sequence (n)n in (0,1) and a bounded linear operator T : l∞→X so
that
sup
n
(1− n)|tn|
∥∥T ((tn)n)∥∥ sup
n
|tn|
for all (tn)n ∈ l∞.
Remark. In [17], Dowling shows that a Banach space containing an asymptotically iso-
metric copy of l∞ must contain an isometric copy of l∞.
The next result is analogue to the Ferrando result [12].
Theorem 2. Let X be an infinite-dimensional normed linear space and Y be a Banach
space containing an asymptotically isometric copy of c0, then L(X,Y ) contains an isomet-
ric copy of l∞.
Proof. Since Y contains an asymptotically isometric copy of c0, there is a null sequence
(n)n in (0,1) and a sequence (yn)n in Y such that
sup
n
(1− n)|an|
∥∥∥∥∥
∞∑
n=1
anyn
∥∥∥∥∥ supn |an|
for all (an)n ∈ c0.
Let (x∗n)n be a weak∗ null normalized sequence in X∗ whose existence is guaranteed
by the Josefson–Nissenzweig theorem [5]. Define φ : l∞ → L(X,Y ) by φ((an)n)(x) =∑∞
n=1 anx∗n(x)yn, for all x ∈X and all (an)n ∈ l∞. For each x ∈ X and each (an)n ∈ l∞,
we have∥∥φ((an)n)(x)∥∥=
∥∥∥∥∥
∞∑
n=1
anx
∗
n(x)yn
∥∥∥∥∥ supn |an|∣∣x∗n(x)∣∣ ‖x‖ supn |an|.
Thus ‖φ((an)n)‖ supn |an|. On the other hand,∥∥φ((an)n)∥∥= sup
‖x‖1
∥∥φ((an)n)(x)∥∥= sup
‖x‖1
∥∥∥∥∥
∞∑
n=1
anx
∗
n(x)yn
∥∥∥∥∥
 sup
‖x‖1
sup
n
(1− n)|an|
∣∣x∗n(x)∣∣= sup
n
(1− n)|an|.
Therefore, supn(1− n)|an|  ‖φ((an)n)‖  supn |an|, for all (an)n ∈ l∞. This means
that L(X,Y ) contains an asymptotically isometric copy of l∞. By the above remark,
L(X,Y ) contains an isometric copy of l∞. The proof is completed. ✷
Our next result is analogous to the result of Ryan [14]. The technique we use is similar
to that of Dowling et al. [15]. To complete the proof of this theorem, we have to use the
following lemma.
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sequence (xn)n. If (x∗n)n is a weak∗ null sequence in X∗ such that infn |x∗n(xn)|> 0, then
X contains a complemented asymptotically isometric copy of c0.
Theorem 3. Let X and Y be two infinite-dimensional Banach spaces. If Y contains an
asymptotically isometric copy of c0, then Kw∗(X∗, Y ) contains a complemented asymptot-
ically isometric copy of c0.
Proof. Since Y contains an asymptotically isometric copy of c0, there is a null sequence
(n)n in (0, 12 ) and a sequence (yn)n in Y such that
max
1jn
(1− j )|aj |
∥∥∥∥∥
n∑
j=1
ajyj
∥∥∥∥∥ max1jn |aj |,
for all scalars a1, a2, . . . , an and for all n ∈N. Since X is infinite-dimensional, there exists
a weak∗ null sequence (x∗n)n in X∗ and a sequence (xn)n of norm one in X such that
x∗n(xn) = 1 for all n ∈ N. Let (y∗n)n be the Hahn–Banach extension to elements of Y ∗
of the linear functionals on the span of (yn)n that are biorthogonal to (yn)n. Put zn =
xn⊗ yn ∈X⊗Y . Since the injective tensor product of X and Y , X ⊗ˆ Y , can be embedded
into Kw∗(X∗, Y ) in a linear isometric fashion, X ⊗ˆ Y may be considered as a subspace of
Kw∗(X∗, Y ).
For the scalars a1, a2, . . . , an, we have for each x∗ ∈ X∗ with ‖x∗‖  1 and y∗ ∈ Y ∗
with ‖y∗‖ 1∣∣∣∣∣
n∑
i=1
aix
∗(xi)y∗(yi)
∣∣∣∣∣=
∣∣∣∣∣y∗
(
n∑
i=1
aix
∗(xi)yi
)∣∣∣∣∣
∥∥∥∥∥
n∑
i=1
aix
∗(xi)yi
∥∥∥∥∥
 max
1in
|ai |
∣∣x∗(xi)∣∣ max
1in
|ai |.
Thus ∥∥∥∥∥
n∑
i=1
aizi
∥∥∥∥∥=
∥∥∥∥∥
n∑
i=1
ai(xi ⊗ yi)
∥∥∥∥∥= sup
{∣∣∣∣∣
n∑
i=1
aix
∗(xi)y∗(yi)
∣∣∣∣∣, ‖x∗‖,‖y∗‖ 1
}
 max
1in
|ai |.
On the other hand, let 1 i0  n be such that max1in(1− 2i)|ai | = |ai0 |(1− 2i0).
Choose x∗0 ∈X∗ with ‖x∗0‖ 1 such that x∗0 (xi0) 1− i0 . By the Hahn–Banach theorem,
there exists y∗0 ∈ Y ∗ with ‖y∗0‖ 1 so that
y∗0
(
n∑
i=1
aix
∗
0 (xi)yi
)
=
∥∥∥∥∥
n∑
i=1
aix
∗
0 (xi)yi
∥∥∥∥∥.
Thus ∥∥∥∥∥
n∑
aizi
∥∥∥∥∥
n∑
aix
∗
0 (xi)y
∗
0 (yi)= y∗0
(
n∑
aix
∗
0 (xi)yi
)
=
∥∥∥∥∥
n∑
aix
∗
0 (xi)yi
∥∥∥∥∥
i=1 i=1 i=1 i=1
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(1− i0)2
∥∥∥∥∥
n∑
i=1
aix
∗
0 (xi)yi
∥∥∥∥∥ 1− 2i0(1− i0)2 max1in(1− i)|ai |∣∣x∗0 (xi)∣∣
 1− 2i0
(1− i0)2
(1− i0)|ai0 |
∣∣x∗0 (xi0)∣∣ |ai0 |(1− 2i0)
= max
1in
|ai|(1− 2i).
Therefore, (zn)n is an asymptotically isometric c0-sequence in Kw∗(X∗, Y ). For each
n ∈ N define un ∈ Kw∗(X∗, Y )∗ by un(T ) = y∗n(T (x∗n)), for all T ∈ Kw∗(X∗, Y ). Since
T is in Kw∗(X∗, Y ), T ∗ is compact and the range of T ∗ is contained in X. It follows that
(un)n is a weak∗ null sequence in Kw∗(X∗, Y )∗. Moreover, |un(zn)| = |x∗n(xn)y∗n(yn)| = 1,
for each n ∈N. Thus the sequences (zn)n and (un)n satisfy the conditions of Lemma 2 and
so the proof is completed. ✷
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